Abstract-A method of sieves using splines is proposed for regularizing maximum-likelihood estimates of power spectra. This method has several important properties, including the flexibility to be used at multiple resolution levels. The resolution level is defined in terms of the support of the polynomial B-splines used. Using a discrepancy measure derived from the Kullback-Leibler divergence of parameterized density functions, an expression for the optima1 rate of growth of the sieve is derived. While the sieves may be defined on nonuniform grids, in the case of uniform grids the optima1 sieve size corresponds to an optima1 resolution. Iterative algorithms for obtaining the maximum-likelihood sieve estimates are derived. Applications to spectrum estimation and radar imaging are proposed.
I. INTRODUCTION
, ADAR R images can be obtained by producing an estimate of the reflectivity of the target. Under certain physical assumptions, there exists a linear transformation from the reflectivity, expressed in delay and Doppler coordinates, to the observations. When the target surface is rough, the reflectivity can be modeled as an uncorrelated Gaussian random process [26] . The second-order statistics of the reflectivity are known as the scattering function of the target; the scattering function can be displayed as an image of the target. The imaging problem is to estimate the scattering function from the observations. In a one-dimensional version of the problem, the spectral density of a wide-sense stationary Gaussian random process is to be estimated from (noisy) observations.
For both the radar imaging and the spectrum estimation problems, the objective is to estimate the second-order statis- Manuscript received February 19, 1991; revised August 22, 1991 . This work was supported by Contract No. NOOO14-86-K-0370 from the Office of Naval Research and by the National Science Foundation Grant No. MIP-8722463. This work was presented in part at the 28th Allerton Conference, Urbana-Champaign, IL, September 1989; in part at the IEEE International Symposium on Information Theory, San Diego, CA, January 14-19, 1990; and in part at the IEEE International Symposium on Information Theory, Budapest, Hungary, June 24-28, 1991 tics {S(u), u E U C Rd} of a complex, uncorrelated Gaussian random process {z(u), u E U} from a finite set of complex-valued observations { r(t), t E T} . The function S is in L'(V) and is nonnegative and real. The observations are described by a linear transformation of { z(u), u E U} , corrupted by an additive noise {n(t), t E T} with known statistics, r(t) = J' G( t, u)z(u) du + n(t), tET, (l.la) LJ E[ z(u)z*(u')] = S(u)+ -u'), UE U. (l.lb) . We view both the radar imaging and the spectrum estimation problems as statistical inference problems, and 'we use methods of statistical estimation theory to solve them, based on the model (1.1). Although taking advantage of the information available in the form of a statistical model appears to be a natural strategy, this approach does not appear frequently in the radar literature. Statistical methods in spectrum estimation are much more common, but they generally assume more information about the process than we do here (e.g., superposition of sinusoids, MA, AR and ARMA models [19] , known correlation coefficients [5] ).
The function S is the unknown parameter in the model (1.1) and can be estimated via the method of maximum-likelihood (ML). So far, this approach has received only marginal attention in the radar and spectrum estimation literatures. Capon's method for spectrum estimation is sometimes called an ML method, but this has been recognized to be a misnomer [19] . Other existing ML methods assume a special form for the spectral density [4] , [19] . To our knowledge, the first use of ML for spectrum estimation in the general sense studied here is due to Chow and Grenander [7] . In radar imaging, research using this approach has been reported by Snyder et al. [25] .
Since ML estimation of a whole function such as S from finite data is an ill-posed problem, regularization of the estimates is needed. We use Grenander's method of sieves [ 131, which offers a convenient, general framework for solving such estimation problems. With this method, estimates are sought over a subset of the parameter set. The size of the restricted set results from a tradeoff between stability of the estimates and accuracy of the representation. The sieve is a 0018.9448/92$03.00 0 1992 IEEE collection of all such subsets, indexed by a positive parameter p called mesh size. Some important problems arise regarding the design of the sieve. The estimation procedure should be tractable. It is also desired that the estimates be consistent, in the sense that a certain measure d(S: icN)) of the estimation error for the estimator S(N) tends to zero as the sample size N increases. The estimates obtained with the spectrum estimation method reported in [7] are consistent, but computational issues have not received detailed attention. Furthermore, the extension to more general problems of the type (1.1) is not considered. On the other hand, the estimation method studied by Snyder et al. [25] is applicable to problems of the class (1. l), but regularization issues are only partially addressed.
In this paper, we construct and analyze a sieve for problems of the class (1.1). Our method is based on a representation for the parameter-function S in terms of known, elementary functions { $,,J u), u E V} indexed by m in a countable set A. Each function in a sieve subset is a linear combination of Q elementary functions indexed by a subset A, of A.
The coefficients {a(m), m E A,) represent the function and are viewed as parameters for which ML estimates are sought, subject to nonnegativity constraints on S. If Q grows with N at an appropriate rate, consistent estimates can be obtained. A method for estimating the parameters is developed, based on an alternating maximization algorithm. There is great flexibility in the design of the elementary functions, under the constraint that the functions satisfy certain technical conditions for convergence of the estimates in the parameter set. A case can be made for elementary functions that have local support. In this instance, the parameters describe the local behavior of S, and the complexity of the estimation algorithm is reduced significantly. The particular representation studied here is given in terms of polynomial B-splines. Since B-splines are nonnegative, the nonnegativity constraint on S can be enforced by simply requiring that the parameters { a(m), m E A,} be nonnegative. The latter constraint is easily incorporated in our estimation procedure.
The B-splines are defined over a partition { Pm, m E Ae} of U. The resolution at which the estimate 3 is represented at a given u E U is the size of Pm for u E P,,,. In particular, for uniform partitions, the resolution is also uniform in U and is O(Q-i).
The mesh size of the sieve, defined as Q-', is a measure of resolution. Thus, ML estimates at different resolution levels can be produced by performing an estimation within our sieve for different mesh sizes.
We study convergence of the estimates as a function of the rate of growth of the sieve Q(N). Convergence is defined with respect to a discrepancy measure derived from the Kullback-Leibler divergence of parameterized density fimctions. We obtain consistency results and show how these results can be interpreted in terms of the smoothness properties of S. The optimal rate of growth of the sieve is also determined.
Finally, we discuss certain algorithmic issues. In general, the numerical operations required for solving the ML equations are computationally expensive. However, under a large-sample approximation to the model, the complexity of the processing is greatly reduced, at insignificant cost for the statistical performance. This paper is organized as follows. In Section II, we present the statistical model and introduce our notation. In Section III, the ML estimation problem is stated and the method of sieves introduced. In Section IV, we construct a sieve for the problem (1.1). In Section V, the relationship between the selected resolution level and the statistical performance of the estimator is examined and the optimal performance is derived. In Section VI, an expectation-maximization algorithm is given for computing the estimates. Simulations using this algorithm are presented in Section VII.
II. MODEL
Under physical assumptions detailed in [25] , the radar echo is a linear superposition of the reflections off the target:
0s tc T, (2.1) where z(f, r) is the reflectivity viewed in delay (7) and Doppler (f) coordinates and s=(t) is the complex envelope of the radar transmitted signal. In order to set up the model in a more general perspective, we define u as the pair of coordinates (f, r), U as the domain of z, and G( t, u) as the kernel of the linear transformation (2.1). The observations are a set of samples of the echo (2. l), corrupted by an additive noise w: n r(nAt) = I G(nAt, z.+(u) du + w(nAt), lJ n = O;**,N--1, (2 *2) where At is the sampling interval and N the number of samples. We adopt a diguse-target model for the reflectivity. In this instance, z is modeled by a zero-mean, complex Gaussian random process with orthogonal random variables [25] , [26] , and its covariance takes the diagonal form
In the radar context, the function S is known as the scattering function of the target and may be viewed as an image of the target. The additive noise w(nAt) is modeled as an independent Gaussian discrete-time random process, with zero-mean and known variance No. The discrete-time covariante matrix for the data is assumed to be (strictly) positive definite and is derived from (2.2) and (2.3):
where 6,, is the Kronecker delta.
The model (2.2) and (2.4) also applies to spectrum estimation. In this instance, u is the frequency and z and S are known as' the spectral process and the spectral density, respectively. In fact, this spectrum estimation problem is a special case of the radar imaging problem, where the target is concentrated in one dimension ( f ), and the transmitted signal is a constant equal to one.
We estimate S in L'(U) or a subspace thereof from the model (2.2) and (2.4), under a nonnegativity constraint on S. U is a subset of Rd of the form U, x * * -x U,, where (q = [u,,(i), u,,,(i) ], i = 1,-e*, d) are intervals on the real line. In spectrum estimation, the assumption of boundedness implies that the process is bandlimited; in radar imaging, that the target has finite extent. We call z the process, and S its intensity function.
Two quantities of interest in the following are the ambiguity function, The first two assumptions imply that the ambiguity function is arbitrarily narrow for N large enough and are satisfied in spectrum estimation as well as in radar imaging, with practical transmitted signals [23, Section 3.4.11. The fourth assumption establishes a restriction on the class of intensity functions, in the case of noise-free observations. Assumptions C l)-C4) are referred to as Condition C).
We use the following notation. Sets and spaces are in boldface. We denote by S, the set of nonnegative functions in a space of functions S. Let u = (u(l), * * *, u(d)) and u = (u(l);-*, u(d)) be two elements of Rd or Zd. Then, B. Sieves
The estimation problem described above is ill posed, since the parameter-function S belongs to an infinite-dimensional space. Stable solutions to ill-posed estimation problems can be obtained using the method of sieves due to Grenander [13] . A sieve in a parameter space A is a family of subsets S(p) of A indexed by a positive parameter p called the mesh size, chosen as a function of the sample size. The likelihood functional is maximized over the restricted set S(p). A sieve must satisfy two conditions. Sl) A restricted ML estimate exists over each set S(p). S2) Any element of A can be approximated with arbitrary accuracy by an element of S( cl), for p small enough.
Under certain conditions, sieves can be designed to ensure consistency of the estimates. This generally requires that the mesh size ~1 of the sieve decrease at an adequate rate as the sample size increases. In this fashion, the sieve subsets are large enough to ensure a good representation of any function in A, yet they are also small enough to guarantee stable estimates. In anticipation of the convergence analysis in Section V, we define a "distance" between elements of the parameter set.
C. Measure of the Estimation Error
Consider two probability density functions fe(x) and for(x) parameterized by 19 and 8' E A, x E RN. A measure of the "distance" between 8 and 8' is given by the average Kullback-Leibler-information per sample:
We assume that (3.2) converges to a limit d< 8 : 0 '), at the rate 0( N-'), as N tends to infinity. The functional (3.2) is positive, nonsymmetric in its arguments, and does not satisfy the triangle inequality. It is thus not a distance. Functionals of this type are sometimes called directed distances [ 181. In the context of estimation, 8' can be an estimator for the unknown parameter 13, based on the observation x, so the left-hand side of (3.2) is also a random variable. We define a directed distance from 8 to 8' which is independent of x,
The following definition formalizes the concept of convergence under the information distance d.
Definition I: If for all E > 0 and 8 E A there exists 0" E lJ, S(p) such that d(B:8*) < E, then the sieve is said to be dense in the information sense in A. We use this definition by analogy to the classical definition of denseness in topological spaces, although here the directed distance does not induce a topology on A.
D. Application
Let the function S be the parameter 8 in the previous discussion. In the following lemma, we give an expression for the distance d from S to another function S' in the parameter set.
Outline of the proofi Denote by K; the covariance associated to S' by (2.4). The directed distance $v)(S: s') = $(fs : fs,)
sometimes called likelihood loss [3] , is known to converge to (3.4) in the case of Toeplitz matrices, that is, when G( t, u) = exp(j2 a tu) [14] . In [23, Section 6.4.11, these results have been extended to the larger class of functions G that satisfy Condition C). The rate of convergence is 0( N-i).
The information distance (3.4) is zero, if and only if S' = S almost everywhere. In spectrum estimation, (3.4) is recognized as the Itakura-Saito distance between two spectral densities [16] when N, = 0. From a more general standpoint, the Itakura-Saito distance is also suitable for measuring the "distance" between two arbitrary positive functions, in a sense made precise by Csiszar [8] . Thus, (3.4) can be viewed as a generalized Itakura-Saito distance for measuring the distance between higher dimensional spectral densities in the presence of noise.
IV. SPLINE SIEVE
In this section, we propose a sieve based on multiresolution concepts. The mesh size of the sieve is a measure of the resolution of the estimates. ML estimates at a desired resolution level are obtained by selecting the appropriate mesh size. The sieve is based on a representation for the unknown function in terms of known elementary functions, a classical technique used in nonparametric statistics.
A. Definition of a Sieve
The intensity function S belongs to the subset B, of some linear space B C L'(U). Define a countable index set A and let I+,, m E A} be a set of (nonnegative) elementary functions in B,. It is not required that this set be orthogonal. Consider the set A of all functions in the span of { $,, m E A}, with nonnegative coefficients:
A := SeBJS(u) = mGA a(m)$,(u), a 10).
(4.1) I
We define our parameter set to be A. The functions in this set are represented by means of a countable number of coefficients (a(m), m E A}. Clearly A is a subset of B,. As we shall see, ( $,, m E A} can be designed so that any function in B, can be approximated with arbitrary accuracy by a function in A under the information distance (3.4). We define a sieve S(A,) on S in A by truncating the representation (4.1) to a finite number of terms Q,
where the index set Ae has cardinality Q, and the union of all sets {A,, Q E N} is equal to A. The functions in the subset S(A,) of A are parameterized by a finite number Q of coefficients { a(m), m E AQ} . In Section VI, we show how estimates of these coefficients can be produced numerically using an EM algorithm.
B. ML Estimator
The loglikelihood function for the parameters a is given by
From (2.4) and (4.2), the dependence of K, on a is as follows,
where we have defined the N x N basis covariance matrix ;) and the N x N identity matrix IN.
Anderson [2] has studied a similar problem of covariance matrix estimation in which the unknown covariance matrix is a linear combination of given matrices. This problem can be viewed as a special case of ours where it is known that the covariance is in a given subset of the sieve.
Conditions for a Maximizer: The loglikelihood (4.3) is to be maximized subject to nonnegativity constraints on the components of a. The necessary and sufficient conditions for some B to be a local maximum of the loglikelihood can be derived from the Kuhn-Tucker conditions [20] .
Proposition 1 (Necessary Condition for a Local Maximum): A necessary condition for K, to be a local maximum of the loglikelihood is splines defined over P, In the following, we refer to (4.6) as the trace condition.
For an interior point, all Lagrange multipliers in (4.6) are zero. For the necessary condition (4.6) to be sufficient as well, the Hessian matrix of the loglikelihood needs to be negative definite.
We define a sieve based on splines as follows. The fnnctions in the sieve are tensor product polynomial spline ftmc- For the representation of functions in the sieve, we select a set of polynomial splines as elementary functions. This permits a good local representation of a function. Besides the standard arguments in favor of such a representation, it should be mentioned that this choice also leads to a considerable reduction in the complexity of the estimation algorithm, as discussed in Section VI.
The mesh size of the sieve can be defined as the mesh size of the partition, that is, the size of its largest cell. As the partition is made finer, the size of the sieve subset increases IEEETRANSACTIONSONINFORMATION THEORY,VOL.38,NO.2,MARCH 1992 can be unbounded above, implying that no maximizer exists. Fuhrmann and Miller [l l] showed that a necessary and sutficient condition for the likelihood to be unbounded above is that there exist a singular covariance matrix in the set with the observation vector r in its range. Under the assumptions of the lemma, all basis covariance matrices K, are positive definite. The only singular covariance in the sieve subset has all of its coefficients {a(m)} equal to zero. The probability that r lies in the range space of this zero matrix is zero.
Lemma 3: The sieve lJ,S$? is dense in L f , for L = 1, 2, e-m and p 1 1.
Proof: See Appendix.
Any function in Lf can be approximated with arbitrary accuracy by a B-spline with nonnegative coefficients. To obtain the required accuracy it is necessary that the partition size be small enough. This result is well known in approximation theory when there are no constraints on the coefficients. In Lemma 3, it is shown that the conclusion holds under the constraint of nonnegative coefficients.
Corollary: The sieve UP&? is dense in the information sense (3.4) in the set L', := (SEL'(S(U) 2 6).
The parameter E is an arbitrary positive number.If N, = 0, E is allowed to be zero.
Under the restriction C4) on the lower bound of the functions in the parameter set, S can be approximated with arbitrary accuracy in information by an element of the sieve.
Proposition 2: The collection of subsets (4.7) is a sieve in Lf for L = 1, 2, * ** and p 1 1. This collection is also a sieve in L', under the information distance.
Proof: From Lemma 2, the likelihood function is bounded above almost surely in each subset of the sieve.
Furthermore when a(m) tends to infinity for some m, the loglikelihood (4.3) tends to -co. These two properties imply the existence of a maximizer in each restricted set, with probability one. Condition Sl) is thus satisfied. In Lemma 3 and its corollary, it is shown that condition S2) is satisfied too. 0
E. Multiresolution Analysis
Let 0 be a subset of Rd and define Aj = {2-jm ) 2-jm E n, j EZ, m EZ~). This set is a grid in 0 with mesh size 2-jd. The union of all sets { Aj, j E Z} , denoted by A, is dense in (2. 2j is convenient when the same resolution is required in all coordinates and when the number of knots should be a power of 2. However, it is not required that M = 2j to obtain a good approximation with our method. It should also be noted that our method is not a multigrid method, in the sense that the estimates at a resolution level are not used in the estimation at another resolution level. Nonuniform local resolution can be obtained by using a nonuniform grid for the sieve, as in (4.7). However, finding a statistical decision procedure that selects optimal, local resolution levels is still an open problem.
An interesting alternative to the nonuniform spline representation is the wavelet representation. In fact, wavelets can be constructed from spline spaces, as shown by Jaffard and Meyer [17] . Besides the problem of selecting an appropriate wavelet subset for the representation of the intensity function, another major difficulty would arise. The estimation of the wavelet coefficients is to be performed subject to the constraint that the resulting image be nonnegative. In general, this is a formidable computational problem involving a very large number-I K I -of constraints. The spline representation chosen here bypasses this difficulty, since the nonnegativity of S is easily enforced by nonnegativity constraints on Q spline coefficients.
V. RATEOFGROWTHOFTHESIEVE
This section is devoted to an analysis of the convergence and consistency properties of the sieve estimator. We determine what rates of growth of the sieve lead to consistent estimates and find optimal rates. Convergence and consistency are measured with respect to the information distance. The mesh size of the sieve is selected by minimizing the estimation error measured in this fashion.
A. Estimation Error Analysis
An asymptotic expression for the estimation error measure (3.3) is given for a general sieve problem. Assume that the subsets of the sieve are parameterized by a Q-vector parameter, as is the case for the spline sieve. Denote these subsets by S,, and the ML estimator in S, by iQ. Under some mild regularity conditions [15] , for each (fixed) Q, 8, converges to an element JQ of S,, as N --) 03. The following two lemmas, which are derived from the properties of the directed distance (3.3), are powerful tools for analysis of the error. The proofs are a direct application of known results about the asymptotic x*-square distribution of the likelihood ratio of ML estimators [23, Section 6.3. Lemma 5: &o achieves the infimum of d(B:0*) over all 9* ESQ. By application of Lemma 5, we simply denote d( 13 : e",) by ti<e :Se). This quantity is the sieve approximation error and is independent of N. When Q tends to infinity, &Ce:S,) tends to zero if the sieve is dense in the information sense in the parameter set. As seen in the corollary to Lemma 3, this condition holds for the spline sieve.
Lemma 4 shows that dcN)(8 :iQ) can be decomposed in two terms. The first is the sieve approximation error previously discussed. The second is the estimation error within the sieve and is a penalty for high-order models. The simple trade-off (5.1) between these two terms motivated our adoption of (3.3) as a measure of the total estimation error. This decomposition is reminiscent of Akaike's criterion [l] . However, Akaike's selection of the model order is made from the data themselves, whereas in the sieve design problem this selection depends on the data only via the sample size.
B. Criterion for Mesh Size Selection
Definition 2 
C. Application to the Spline Sieve
Let the intensity function S play the role of the parameter t9 in the previous analysis. We study the case of a uniform resolution and derive an expression for the directed distance from the true parameter S, to the ML estimator S in the sieve (4.8). By application of (5. l), Proof: See Appendix.
We haye established an upper bound for the convergence rate for S. This expression can now be minimized to determine an approximation to the optimal rate of growth of the sieve. 
, and R = (II:= r RcL)(i))'ld. Increasing spline orders L lead to better convergence rates, with saturation for L L q.
Proofi The optimal rate of growth of the sieve is obtained by minimizing dcN'(S:$) over M, for fixed N. Letting M be equal to its optimal value yields (5.5). The convergence rate, O(N-2L'(2L+d)), L 5 q, improves with increasing L. It follows that the optimal spline order is q. q
The results presented in Propositions 3 and 4 indicate that the estimates obtained with our sieve are consistent in information. The optimal convergence rate is obtained when the order of the spline is equal to the degree of smoothness of the intensity function. Smoother intensity functions allow better convergence rates.
The approach described in this section makes use of a priori information on the smoothness properties of the intensity function. Even if such information is not available, consistent estimates can be obtained by letting M = o( N'ld).
Naturally, the convergence rates achieved in this fashion are not as good.
VI. DISCRETE PROCESSING

A. Discrete Model
For the purpose of a digital implementation of the estimation algorithm, we consider a discrete approximation to the model (2.2) . Assume that the process is discrete in U. Define a uniform sampling { uk, 0 5 k <K}, KeNd, of U, let U, := [ukuk+,], 0 I k < K, and define the discreteprocess
Next, define N-vectors r and w with nth entries equal to r(nAt) and w(nAt), respectively. Also define a vector c with entries indexed by k: c := {c(k), 0 5 k < K}. This vector has length 1 K I . Similarly, let I U, ) 'I2 G( nA t , uk) be the (n, k) entry of a N x I K I matrix l? +. Approximating the integral (2.2) with a Riemann sum, we obtain r = r+c + w.
( 6.2)
The statistical model for the discrete problem is as follows.
{c(k), 0 I k < K) defined in (6.1) is a zero-mean, orthogonal Gaussian random process with diagonal covariance
where (a2(k), 0 5 k < K} is the discrete intensity function. From (2. 3), (6.1), and (6.3), each sample of the discrete intensity function is given by a2( k) = I u, I -'/uk S(u) d u and is an approximation to S( uk). The discrete approximation to r( *) converges to the stochastic integral (2.2) in the mean-square sense as K tends to infinity. The covariance matrix for the vector r is derived from (6.2) and (6.3):
Equations (6.2) and (6.4) define the statistical model in the discrete case.
In the discrete version of the sieve estimation problem, ML estimates of the unknown parameters a in (4.4) are sought with the basis covariance matrices given by a discrete version of (4.5):
K, = r+\k,r, mE:llQ, (6.5) where 'k, = dk~$,(uk))o,k,,.
For fixed N, K, in (4.5) is the limit of (6.5) as &+ 00.
It is thus equivalent to maximize the loglikelihood for the continuous or the discrete model, in the limit as K --f 03.
These results are consistent with the asymptotic equivalence of the two models previously mentioned. The existence of a ML estimator in each sieve subset can be proven by extending the proof of Lemma 2 to the discrete case 123, Section 7.6.21.
B. EM Algorithm
The trace condition (4.6) is a nonlinear equation in the Q unknown parameters a. In general, it cannot be solved in closed form, and a numerical method must be used. The EM algorithm of Dempster, Laird and Rubin [lo] is an alternating maximization algorithm, based on the concept of complete and incomplete data spaces, that yields a sequence of estimates having nondecreasing likelihood. We propose the following EM algorithm, based on the discrete model (6.2). In the formulation of this algorithm, it is not required that the elementary functions be splines. Write the discrete process c as the sum of Q independent processes: c = Cm,+ c,, where c, is a ) K )-vector, sample of a zero-mean Gaussian process with diagonal covariance a( m)\k,. The support set of the elementary function $, (u,) in the k-domain is denoted by 0,. We define the complete data as ({ c, , m E A e} ; As shown in the Appendix, after evaluating the conditional expectation of ( c,J k) I ' in (6.6), we obtain the update equations at stage p of the algorithm:
As appears from (6.6), the estimates are guaranteed to be nonnegative. The trace appearing in the update equation (6.9) is the mth component of the gradient of the loglikelihood; therefore, the stable points of the algorithm satisfy the necessary Kuhn-Tucker conditions of Proposition 1. The complexity of each step of the algorithm is N3 + QN'.
A fast version of this algorithm can be obtained for the special discretization ) K I = N, for which an orthogonalization of the observations exists under Condition C). It can be shown that the resulting estimator is consistent in information and even offers the same convergence rate as the estimator for the true model [23, Section 81. In fact, this special discrete approximation introduces an error 0( N-') under the information distance-see Lemma 1. This error is dominated by the estimation error, which is 0( N-2q'(2q+d)).-C. Estimation Algorithm, ) K ) = N When condition C) holds, K,, like K,, can be written as the product of three square matrices, the middle one being diagonal:
K, = I'+@ + N,/E,Z,)I'.
(6.10)
Thus, the change of variables p := (P-l', (6.11) defines an orthogonalization of the observations'. Using (6.10), the first update equation (6.7) becomes -$P) = jgQ W"'~j. (6.12)
Next, introducing the expressions (6.5), (6.8), and (6.10) in the update equation (6.9), we obtain for the trace in the right-hand side
'=Qn (a2(k)(P) + NO/E,)' .
(6.13)
Another update equation is obtained from (6.9) and (6.13):
mEA,.
(6.14)
There is a special instance of the discrete model for which closed-form expressions can be derived. When the elementary functions are indicator functions over their support, we obtain 1 lD,I
k&IP ( the radar problem when a stepped-frequency waveform is used as a transmitted signal [27] , the complexity of the preprocessing is only N log, N.
The number of additions and multiplications to be performed in (6.12) and (6.14) is equal to .X,,,,* ) D, I. For the spline representation, the overlapping fact& of the elementary functions is equal to Ld, so that CmeA 1 D, I = Ld I K I = LdN. In this instance, the complexity 'of the update equations is simply O(N) and the proportionality constant is the overlapping factor of the splines. From the previous discussion, the global complexity of the EM algorithm requiring NEM iterations for convergence is N2 + NEM LdN or N log, N + NEM LdN if I is a discrete Fourier transform.
VII. SIMULATION RESULTS
In order to visualize the performance of the multiresolution estimation algorithm, we have performed a set of simulations for a phantom target in a radar imaging problem. This target is a sphere rotating about a point along the line of sight. The scattering function for this simple object can be calculated [26] . A discrete version ( I K I = 128 x 128 pixels) of this image is displayed in Fig. l(a) . Independent samples of the discrete reflectivity process are produced using a Gaussian random number generator. Each of these samples is zeromean and has variance equal to the corresponding sample of the scattering function image. The transmitted signal is a stepped-frequency waveform [27] . The return echo is generated from the radar equation (6.2), with N = I K I = 1282.
The data are corrupted by an additive noise with variance equal to 60. The maximal intensity of the scattering function is equal to 300 and its mean value to 7.
In Fig. l(b) , we show the conventional estimate I p I 2 of the scattering function. The background noise is relatively important, making it difficult to identify the contour of the target. In Fig. l(c) -(g), we show a multiresolution estimation obtained with the algorithm described in Section VI-C. The images are bilinear splines defined on a uniform grid and estimated at increasing resolution levels, M(1) = M(2) = 8, 16, 32, 64, and 128 . These figures show the trade-off between resolution and estimation accuracy. For the case M(1) = M(2) = 8, the resolution is unacceptably coarse. At the other extreme, M(1) = M(2) = 128, the discrete model is no longer regularized.
VIII. CONCLUSION
We have investigated the class (1.1) of estimation problems, with application to radar imaging and spectrum estimation. The problem is to find ML estimates of an unknown, nonnegative intensity function. This problem is ill-posed; we have constructed stable estimates using a method of sieves. Our approach is based on a spline representation for the unknown function. We have proposed a tractable algorithm for estimating the function subject to nonnegativity constraints. Estimates can be produced at different resolution levels, so the method offers a capability for multiresolution ML estimation. We have addressed the problem of selection of the mesh size of the sieve for the important class of splines defined on uniform grids. The mesh size is a measure of the resolution of the estimates. Our starting point is a measure of discrepancy between the parameter-function and its estimate. This measure is derived from the Kullback-Leibler information between the probability measures associated with each function. For the class of sieves considered here, the estimation error for the sieve-constrained maximum-likelihood estimator can be decomposed into two terms, the first being a measure of the distance between the parameter and the sieve subset, and the second a penalty term, as shown by (5.2). Minimizing the total error yields a criterion which determines the optimal rate of growth of the sieve. This criterion is expected to find applications in a broad class of estimation problems where the unknown parameter is a whole function.
Our estimation method is also applicable to splines defined on nonuniform grids. In this instance, the resolution is allowed to vary spatially. How the local resolution should be selected is still an open problem. The development of a systematic decision mechanism for the local resolution represents in our view one of the most exciting challenges for expanding our work. The function 4(x) := -In x -1 + x that appears in (3.4) attains its minimum at x = 1. Its Taylor series expansion as x --t 1 is given by 4(x) -gx -l)* + O((x -1)3).
By application of Lemma 5 and the corollary to Lemma 3, there exists M large enough so that the infinite-sample ML estimate SM in SE' approximates S arbitrarily well in information. Then, applying the Taylor series expansion for 4(x) to (3.4), we obtain s(u) -3&u) where we denote by K,, the conditional correlation E[ xyt I dcp)] of two random vectors x and y. Now, the expectations are evaluated from the model (6.2), taking into account the independence of the c,'s. We obtain Kcp) = E c,rt I P)] = Li( rr~)(~)\kmr, =mr [ Kcp) = E rrt ) B(P)] = c 6(j)(P)~t\kjr + &I,, r [ hAQ Taking the kth diagonal element of (A.9) and substituting in (6.6) yields (6.8) and (6.9) after some algebraic manipulations.
